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A deterministic process: 

  X (t) = Func(t)  
 X

 t

  x0

  t0

  X (t) = Func(t)
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A stochastic process: 

  Y (t) ≠ Func(t) → Prob( y0 ,t0; y,t)  
 Y

  y0

  t0

  Prob( y0 ,t0; y,t)

 y

 t
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A stochastic process: 

  Y (t) ≠ Func(t) → Prob( y0 ,t0; y,t)  

A steady stochastic process: 
   Prob( y0 ,t0 +τ ; y,t +τ ) = Prob( y0 ,t0; y,t)  

 Y

  y0

  t0 +τ

  Prob( y0 ,t0 +τ ; y,t +τ )

 y

 t
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Consider a steady stochastic process   Y (t)  with its mean 

  Y (t) = 0  and define Fourier transformation 

   
!YT (ω ) = dt

−∞

∞

∫ eiωtYT (t)     (1) 

and inverse Fourier transformation 

   
YT (t) = 1

2π
dω

−∞

∞

∫ e− iωt !YT (ω )    (2) 

using 

 

  

YT (t) = Y (t) t ≤ T 2( )
YT (t) = 0 t > T 2( )     (3) 
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Spectral density / Power spectrum 

   
SY ω( ) ≡ lim

T→∞

1
T
!YT ω( ) 2

    (4) 

 SY

ω
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Case 1: Single cosine wave 
 
 
 
 
 
 
 
 

  Y (t) = Acos(ω1t)    (5)    SY (ω ) = A2δ (ω −ω1)    (6) 
 ω1

ω

 t

 +A

 −A

 SY
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Case 2: White noise 
 
 
 
 
 
 
 
 

  Y (t) = Aξ(t)  (7)     SY (ω ) = A2  (8) 

  A
2

ω

 t
 +A

 −A

 SY
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Auto-correlation function 

  
ϕY t( ) ≡ lim

T→∞

1
T

dτ YT τ( )
−∞

∞

∫ YT τ + t( ) ≡ Y (τ )Y (τ + t)
τ
 (9) 

 Y

 τ + t

  YT (τ )

τ

  YT (τ + t)

 t
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Auto-correlation function 

  
ϕY t( ) ≡ lim

T→∞

1
T

dτ YT τ( )
−∞

∞

∫ YT τ + t( ) ≡ Y (τ )Y (τ + t)
τ
 (9) 

 ϕY

 t

  
ϕY (0) = YT

2
 Y

 τ + t

  YT (τ )

τ

  YT (τ + t)

 t
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  Y (t) = Acos(ω1t)    (10)  
  
ϕY (t) =

A2

2
cos(ω1t)    (11) 
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 t

  +A2 2

 t

 +A

 −A   −A2 2
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Case 2: White noise 
 
 
 
 
 
 
 
 

  Y (t) = Aξ(t)  (12)     ϕY (ω ) = A2δ (t)     (13) 

 t

 t

 +A

 −A
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From Eq.(9), 

   

ϕY t( ) = lim
T→∞

1
T

dτ YT τ( ) 1
2π

dω
−∞

∞

∫ e− iω (τ+t ) !YT (ω )
⎡

⎣
⎢

⎤

⎦
⎥

⎡

⎣
⎢

⎤

⎦
⎥−∞

∞

∫

= lim
T→∞

1
2πT

dω e− iωt !YT (ω ) dτ
−∞

∞

∫ e− iωτYT τ( )⎡⎣ ⎤⎦
⎡
⎣⎢

⎤
⎦⎥−∞

∞

∫
= lim

T→∞

1
2πT

dω e− iωt !YT (ω ) !YT
*(ω )⎡⎣ ⎤⎦−∞

∞

∫

  

   
= 1

2π
dω e− iωt lim

T→∞

1
T
!YT (ω )

2⎡

⎣⎢
⎤

⎦⎥−∞

∞

∫ = 1
2π

dω e− iωtSY (ω )
−∞

∞

∫    (14) 
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And also,  

  
SY (ω ) = dt eiωt

−∞

∞

∫ ϕY t( )     (15)
 

Wiener-Khintchine theorem: 

ϕY (t) inverse Fourier  Eq.(14)

Fourier  Eq.(15)
! ⇀!!!!!!!!!↽ !!!!!!!!!! SY (ω)

 
Sum rules: 

  
ϕY 0( ) = 1

2π
dω SY (ω )

−∞

∞

∫
    (16) 

  
SY 0( ) = dt

−∞

∞

∫ ϕY t( )
    

(17)
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ϕY t( ) = lim
T→∞

A2

T
dτ cos ω1τ( )

−T
2

T
2∫ cos ω1(τ + t)( )

= lim
T→∞

A2

T
dτ sin ω1τ +

π
2

⎛
⎝⎜

⎞
⎠⎟−T

2

T
2∫ sin ω1(τ + t)+ π

2
⎛
⎝⎜

⎞
⎠⎟

= lim
T→∞

A2

T
dτ sin ω1τ +

π
2

⎛
⎝⎜

⎞
⎠⎟−T

2

T
2∫ sin ω1τ +

π
2

⎛
⎝⎜

⎞
⎠⎟

cos ω1t( ) + cos ω1τ +
π
2

⎛
⎝⎜

⎞
⎠⎟

sin ω1t( )⎡

⎣
⎢

⎤

⎦
⎥

= lim
T→∞

A2

T
dτ sin2 ω1τ +

π
2

⎛
⎝⎜

⎞
⎠⎟

cos ω1t( ) +sin ω1τ +
π
2

⎛
⎝⎜

⎞
⎠⎟

cos ω1τ +
π
2

⎛
⎝⎜

⎞
⎠⎟

sin ω1t( )⎡

⎣
⎢

⎤

⎦
⎥−T

2

T
2∫

= cos ω1t( ) lim
T→∞

A2

T
dτ sin2 ω1τ +

π
2

⎛
⎝⎜

⎞
⎠⎟−T

2

T
2∫ + sin ω1t( ) lim

T→∞

A2

T
dτ

−T
2

T
2∫ sin ω1τ +

π
2

⎛
⎝⎜

⎞
⎠⎟

cos ω1τ +
π
2

⎛
⎝⎜

⎞
⎠⎟

= A2

2
cos ω1t( ) + 0 ! Eq.(11)

  

Supplemental note for the derivation of Eq. (11)	


